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Introduction

M ATERIAL anisotropy is an important issue in composite
structural design. It was shown in Refs. 1 and 2 that shear-

extension coupling can appear in an initially balanced laminate due
to unequal damage accumulation in plies with opposite orientation
under the shear loading and that this may result in signi® cant re-
duction of laminate shear strength. The effects of intrinsic factors
such as angle-ply orientation and the presence of 0-deg plies on
damage-inducedanisotropy in laminates are studied in Ref. 3. The
objective of this Note is to investigate the effects of extrinsic fac-
tors, i.e., the combination of shear and tensile/compressive loading
as well as loading rate and deviation.

A stochastic damage accumulation model developed in Refs. 1
and 2 is used in the analysis.Random quasistationaryin-plane load-
ing is de® ned as a Gaussian process with autocorrelation time s 0

and standard deviation r q . Stochastic function theory, the theory
of excursions of random process beyond the limits as a strain fail-
ure criterion, is applied to estimate the probabilities of failure in
plies. Three modes of failure, i.e., ® ber breakage, matrix transverse
failure, and matrix or interface shear cracking, are taken into ac-
count. Calculatedprobabilitiesare utilized in reducingply stiffness.
A brief descriptionof the mathematical formulation of the model is
given in the following paragraphs. The detailed model description
is presented in Refs. 1 and 2.

Consider an orthotropic laminated composite consisting of uni-
directionally reinforced plies with initial stochastic elastic mate-
rial properties ÄE k
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. Index k denotes the ply num-

ber. Laminate lay up is described by ply orientation angles a k and
ply thicknesses hk . Load increment applied to a laminate results in
a random stress±strain ® eld in each ply. Even at very low levels of
applied load, a nonzero probability of ply failure exists and dam-
ages start to accumulate in the composite. Accumulation of dam-
ages causes a reduction in laminate stiffness and a redistributionof
stresses among plies.
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Assume that in-plane stresses applied to a composite are
monotonically increasing functions of a parameter t , r i (t) =
[ r 11(t ), r 22(t), r 12(t )], with parametric derivatives Çr i (t ). Random
deformations of the composite then can be calculated by using in-
tegral equations:

Äe i (t ) = * t

0

ÄSi j ( s ) Çr j ( s )d s (1)

where ÄSi j are current effective laminate compliances. They depend
on lamina current elastic properties and composite lay up:

ÄSi j ( s ) = L[ ÄE k
1 ( s ), ÄE k

2 ( s ), ÄGk
12( s ), Äv k

12( s ), a k] (2)

The current elastic constants of plies are functions of the initial
elastic constants and the current damage functions:
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(3)

Damage functionsmay be calculatedby using ply randomstress±
strain ® eld parameters and some appropriate failure criteria:

r k
i ( s ) = R[ Äe k

i ( s ), Är k
i ( s )] (4)

Ply stress±strain ® eld parameters are calculated, in turn, from
known composite strains Äe i [Eq. (1)]:

Äe k
i ( s ) = K[ Äe i ( s ), a k]

Är k
i ( s ) = P[ Äe k

i ( s ), ÄE k
1 ( s ), ÄE k

2 ( s ), ÄGk
12( s ), Äv k

12( s )]
(5)

L , M , R, K , and P are stochasticfunctionaloperatorsto be spec-
i® ed. According to this approach, current composite elastic proper-
ties and, therefore, composite deformations and damage functions
aredependenton loadinghistory.To integrateEq. (1),we needto cal-
culate the stochasticstress±strain ® eld that dependson the stochastic
material propertiesand thedeformationhistory.The failurecriterion
[Eq. (4)] should be chosen to obtaindamage functions.The stiffness
reduction algorithm due to damage accumulation in plies [Eq. (3)]
has to be speci® ed. The failure criterion and the stiffness reduction
algorithm are described in Ref. 1.

A numerical algorithm and computer code for damage evolu-
tion and deformation history prediction in laminates subjected to
general in-plane loading are developed in Mathematica®. In this
Note, the model mentioned earlier is applied to analyze the behav-
ior of [§30]s Kevlar®/epoxy laminate under combined shear and
tension/compression at various loading rates and deviations. The
properties of the unidirectional Kevlar/epoxy lamina used in the
calculations are given in Ref. 1.

Results and Discussion
Results of analysis of the effect of shear load in conjunctionwith

longitudinal in-plane loading on damage-induced shear-extension
coupling are shown in Tables 1±3. Table 1 corresponds to com-
bined shear/tension f r x x , 0, s x y g , Table 2 corresponds to combined
shear/compression f ¡ r x x , 0, s x y g , and Table 3 corresponds to com-
bined shear/biaxial tension f r x x , r yy = r x x , s x y g . The A16/ A66 and
A26/ A66 variables represent maximal relative shear-extensioncou-
pling coef® cients of the in-plane stiffness matrix of laminate at fail-
ure, and Sx y and S 0x y correspond to laminate average shear stress
at failure calculated with and without taking into account damage-
induced anisotropy, respectively. The ® nal laminate failure corre-
sponds to the shear stress when any one of the apparent moduli of
the laminate becomes vanishingly small. The shear strength of the
angle-plylaminate, ÃSx y , obtainedby using themaximumstrain crite-
rion, is also included for reference.The ply-by-plyfailureprocedure
described in Ref. 4 is utilized for calculating ÃSx y . The laminate is
assumed to be failed when ® ber and matrix in each ply is failed ac-
cording to the maximum strain criterion. Note that the direct com-
parison between the strength predictionby the model (Sx y and S 0x y)
and the maximum strain criterion ( ÃSx y ) is not possible because the
effect of the loading rate cannot be accounted for in the maximum
strain criterion. Obviously, the strengths are higher at the higher
loading rates.1
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Table 1 Variation of shear-extension coupling coef® cients
and shear stress at failure of [§30]s laminate with the ratio

of longitudinal to shear loading: combined tension/shear

Sx y , S 0x y , ÃSx y ,

r x x / s x y A16/ A66 A26/ A66 MPa MPa MPa

0 1.59 0.53 225 335 163
0.1 1.57 0.51 230 335 174
0.2 1.56 0.53 240 340 188
0.4 1.51 0.55 250 330 212
0.6 1.45 0.53 255 275 248
0.8 1.21 0.44 245 245 223
1.0 0.71 0.26 220 220 190

Table 2 Variation of shear-extension coupling coef® cients
and shear stress at failure of [§30]s laminate with the ratio

of longitudinal to shear loading: combined compression/shear

Sxy , S 0x y , ÃSx y ,

¡ r x x / s xy A16/ A66 A26/ A66 MPa MPa MPa

0 1.59 0.53 225 335 163
0.1 1.58 0.49 215 340 155
0.2 1.59 0.48 210 350 144
0.4 1.58 0.47 195 335 129
0.6 1.59 0.47 185 240 156
0.8 1.58 0.48 175 195 156
1.0 1.56 0.48 165 170 156

Table 3 Variation of shear-extension coupling coef® cients
and shear stress at failure of [§30]s laminate with the ratio

of longitudinal to shear loading: combined biaxial tension/shear

r x x / s x y = Sx y , S 0x y , ÃSx y ,

r yy / s x y A16/ A66 A26/ A66 MPa MPa MPa

0 1.59 0.53 225 335 163
0.1 1.59 0.49 230 345 170
0.2 1.59 0.47 235 320 156
0.4 1.25 0.39 195 200 156
0.6 0.51 0.16 150 155 156
0.8 0.24 0.07 125 125 156
1.0 0.15 0.05 110 110 156

Table 4 Variation of shear-extension coupling coef® cients
at failure and strength of [§30]s laminate with shear stress deviation;

loading rate is 1 MPa/¿0

r q , Sx y , S 0x y ,

MPa A16/ A66 A26/ A66 MPa MPa

0.1 1.61 0.49 225 443
1 1.59 0.47 198 355
5 1.60 0.47 155 250
10 1.54 0.51 75 108
15 1.20 0.40 43 45

Shear loading rate in all cases is 10 MPa/ s 0, and the loading de-
viation of all nonzero components is 10 MPa. Analysis shows that
application of tensile loading in addition to shear loading (Table 1)
causesno remarkableeffect on maximal couplingat failure for load-
ing ratios r x x / s x y lower than 0.6; however, combined tension and
shearreducesthecouplingfor higherratios.Laminate shearstrength
Sx y is maximal at a loading ratio of about0.6. The effect of damage-
induced coupling on shear strength is observed for loading ratios
below 0.6. Combining compression and shear (Table 2) does not
change maximal coupling signi® cantly in the interval of load ratios
being investigated. The shear strength Sx y almost monotonically
reduces with growing ¡ r x x / s x y . The effect of coupling on shear
strength exhibits a maximum at ¡ r x x / s x y = 0.2, and S 0x y is 72%
higher than Sx y at this loading ratio. The behaviorof laminate under
combined shear/biaxial tension (Table 3) is similar to that under
tension (Table 1); however, coupling reduction starts at lower lon-
gitudinal/shear stress ratios.

a)

b)

Fig. 1 a) Stress± strain diagram and b) variation of shear-extension
coupling coef® cients in [§30]s laminate under shear. Numbers indicate
loading rate in MPa/¿0, loading deviation ¾q = 10 MPa.

Fig. 2a Shear stress± strain plots calculated without accounting for
damage-induced anisotropy in [§30]s laminate under shear. Numbers
indicate loading rate in MPa/¿0 , loading deviation ¾q = 10 MPa.

Fig. 2b Variation of shear-extension coupling coef® cients in [§30]s
laminate under complex in-plane loading. Numbers indicate loading
rate in MPa/¿0 , loading deviation ¾q = 10 MPa.
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The shear loading initially causes matrix damage, followed by
® ber failures in the ply experiencing compression in the ® ber di-
rection. The orthotropy in material properties decreases in this ply
relative to the other ply, creating shear-extensioncoupling. This re-
sults in further ® ber damage in the ply and an eventual decrease in
the ® nal failure load.The resultspresentedin Tables1±3 corroborate
this physical reasoning.The ® ber damage producedby the damage-
induced anisotropy is a small fractionof the ® ber damage produced
by the applied tension/compression loading for cases with high ra-
tios of tension/compression to shear loading.For ratios greater than
about 0.5, the differencebetween Sxy and S 0x y is relatively small, as
one would expect.

The effects of loading rate on laminate behavior are shown in
Figs. 1 and 2. Predicted stress±strain curves of [§30]s laminate
undershearfor four loadingratesare shown in Fig. 1a (solid,dashed,
and dot±dashed lines correspond to e x x , e yy , and c x y , respectively).
Variation of relative shear-extensioncoupling coef® cients is shown
in Fig. 1b (solid lines, A16; dashed lines, A26). The increase in
loading rate substantially increases the strengthof the laminate (see
discussionin Ref. 1), but the valuesof A16/ A66 and A26/ A66 ratios at
failureare independentof the loadingrate.Comparisonswith stress±
strain diagrams predicted without accounting for damage-induced
anisotropy (Fig. 2a) show that the effect of the damage-induced
coupling on the shear strength is nearly independent of stress rate.
However, variation of couplingcoef® cients under complex in-plane
loading r x x = r yy = s x y = r (Fig. 2b) depends on the stress rate.
The coupling is lower at high loading rates.

The effect of stress deviation on damage-induced anisotropy in
laminate under shear (Table 4) shows that maximal coupling at
failure starts to be reduced at deviations higher than 10 MPa. The
damage-induced coupling signi® cantly decreases shear strength at
low deviations.For example,neglectingdamage-inducedanisotropy
almost doubles the estimate of shear strength at r q = 0.1 MPa.

Conclusions
The shear-extension coupling due to damage in an initially bal-

anced [§30]s laminate was studied using a damage evolutionmodel
developed by the authors. The effects of complex loading appli-
cation and loading rate and deviation were investigated. It was
shown that the combination of shear loading with uniaxial or biax-
ial tension and compressionreduces shear-extensioncouplingwhen
the longitudinal-to-shear-loadingratio is suf® cientlyhigh.Damage-
inducedshear-extensioncouplingismorepronouncedat lowloading
deviations.

The analysis shows that neglectingdamage-inducedcoupling,as
most existing models do, may lead to substantial overestimation
of the laminate strength. The overestimation by not taking into ac-
count the damage-inducedanisotropy is severe for loads with a low
deviation and predominantly shear loads. The cases studied in this
Note clearly bring out the shortcoming of models that do not take
into account the damage-inducedanisotropy, especiallywhen dam-
age is slowly progressing. The effect of loading rate on angle-ply
laminate was compared with previous experimental observations.
Experiments studying the effect of all of the parameters discussed
in this Note are not available in the open literature.The authors plan
to carry out such experiments in the future to verify the predictive
capabilities of the analytical model.
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Introduction

I NTERLAMINAR stresses in composite laminates are caused by
the mismatch in material properties of the constituent laminas

and the stacking sequence.1 Several methods are available for ana-
lyzing interlaminar stresses at free edges. These include the ® nite
element method,2 complex stress potentialmethod,3 and variational
approach.4 These solution procedures are all quite involved.

The interlaminarnormal stress is caused by the mismatch in Pois-
son’s ratios of the constituent laminas. The problem of predicting
interlaminar normal stress and the in¯ uence of stacking sequence
on laminate strength was discussed by Pagano and Pipes.5,6 An ap-
proximatedistributionof interlaminarnormal stress at the free edge
of a laminate in uniform axial strain was assumed based on the mo-
ment equilibrium of the upper sublaminate.Herakovich1 discussed
the relationshipbetweenengineeringpropertiesand delaminationof
compositematerials. Interfacemoment was related to the resistance
of the laminate to open-mode delamination. However, no equation
describing this relation has been devised.

In this study, an attempt was made to relate average interlami-
nar normal stress to interface moment at the free edge for several
families of laminates. By establishing a relation between these two
variables,the averageinterlaminarnormalstresswas obtainedby the
classical laminated plate theory (CLPT). The relationwas then used
to predict the onset of open-mode free edge delamination for three
laminates. The method was veri® ed by comparing the predictions
with existing experimental data.

Preliminary Consideration
Considera balancedand symmetric laminatesubjectedto uniform

axial extension along the x direction (Fig. 1). For a long laminate,
the state of stress can be regardedas independentof the longitudinal
direction, thus reducing the problem to a pseudo-three-dimensional
problem.

The stress state in a sublaminate above the kth interface is illus-
trated in Fig. 2. Because of the mismatch in Poisson’s ratios of the
individual layers, transverse stresses r y are induced in these layers.
The magnitudes and signs of these stressesdepend only on the mis-
match of the Poisson’s ratios and can be determinedby CLPT. They
are independent of the stacking sequence. The equilibrium of this
sublaminate in the y direction requires that s k

yz (y) be developed at
the interface to balance the transverse stress. Moment equilibrium
about the x axis requires that r k

z (y) be developed at the interface;
r k

z (y) must be self-equilibrating,and its distributionmust be equiv-
alent to a couple of on-zero moments when equilibrium in the z
direction is considered.Thus, interlaminar normal stress r k

z (y) can
be related to the in-plane transverse stresses r i

y (i = 1, 2, . . . , k)
through

*
b

0

r k
z (y)y dy =

k

S i = 1

r i
y h i( zi + zi ¡ 1

2 ¡ zk) = m(k) (1)
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